NOVEMBER 1974

LM

8} b} ]

Fig. 4 Typical solutions of Eq. (4) for cross-sectional areas of truss
in Fig. 2 which is subjected to force F.

the volume of the truss in Fig. 3, since F, may be arbitrarily
apportioned between the tension and compression trusses.

Suppose, now, that the length of the component in Fig. 1 is less
than the value required by Eq. (2), but that the location of point
A and angle o, are unchanged. This implies that the other end
point, now denoted by B, lies within the circle of diameter [, and,
from Eq. (1), that component AB’ will be fully stressed for a
deflection 6, only if

(0g)cos B g = 0, €080, 5—&* 5. (8)

where 65, and f . are values at end B’ of component AB', and
g <l Since the terms on the right-hand side of Eq. (8) are all
specified, any convenient combination of J,. and f,, which
satisfies Eq. (8) may be selected, and point B’ may then be
treated as the free node of a second “imbedded” circle-chord
truss which is to be fully stressed for the deflection 6,.. A resulting
fully stressed truss, derived from Fig. 2, is shown in Fig. 5. Note
that the direction of AB" must lie within the sector bounded by
the extreme members of the second truss in order for the second
truss to equilibrate force F 5. Also, from Eq. (2)

I, = 3pfe* ©)
Regardless of the magnitude of 1, the circle of this diameter
must intersect the original circle at point B. This may be shown
as follows: assume the extension of line AB' intersects the circle
of diameter [, at a point B". Then, from Egs. (2) and (8)
08 f g (BA COS olyp —s*IAB/>

lypr = —2-CO8f,p =
B'B o AB o

cos flap
=(0,/e*)cosap— Ly = Lip—Lip = lpp
Therefore B” = B.

Fig. 5 Imbedded circle-chord truss.
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a) )

Fig. 6 a) Indeterminate truss; b) converted to fully stressed truss.

Since F,p =F,; =0%A,, it follows from Fig. 5, and

Egs. (7-9) and (2) that the volume of the second truss is given by

V'=A(Lig—Lip) (10)

i.e, the volume of the imbedded fully stressed truss equals the
volume of the missing part (B'B) of thé primary truss.

This concept of imbedded circle-chord trusses is particularly
useful in providing alternative locations for support points. For
example, the truss of Fig. 6a, which cannot be fully stressed
without deleting one component, may be replaced by the fully
stressed design in Fig. 6b. The truss in Fig. '6b has all support
points located along the same horizontal line as in Fig. 6a.
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Orthogonality Procedure for Forced
Response of Multispan Beams

JosePH PADOVAN*
University of Akron, Akron, Ohio

Introduction

HE orthogonality property of the free vibration modes of

classical beam theory are well known as evidenced by the
concise treatment given by Meirovitch.' Because of the generality
of the classical formulation of the orthogonality principle, the
dynamic response of beams of constant as well as variable (EI)
can be treated by the usual Sturm-Liouville (normal mode)
procedure.! In the case of beam systems consisting of several
intermediate spring supports along with possible discontinuities
in (EI), the use of the classical form of orthogonality relation
to develop the dynamic solution becomes awkward. With this
in mind, the present Note develops a more general form of
orthogonality relation. In particular, for a beam system consisting
of L discrete spans with several intermediate spring-type
supports, the governing beam equation for a given subspan is
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no longer self-adjoint. Hence, the traditional orthogonality
relation does not apply.'? To circumvent this difficulty, a piece-
wise-weighted orthogonality procedure® is developed herein
which can handle the abovementioned problem. Based on the
piecewise-weighted orthogonality procedure, the general solution
is developed for a beam system consisting of discrete spans
with intermediate spring-type supports subjected to time-
dependent body forces, and support loads.

Equations

For a beam system consisting of several intermediate spring
or hinge supports along with possibly distinct spans, the
governing field equations and their associated end and interbeam
conditions are defined by

EDd el = = {lxi[lxlzxgﬂ]L (1)
at x = end
[EDPWB] . Frywh =
(EDOwW® + ey w® = M,
atx=x,44,1=123,...,.L-1
W) = wfl+ ”WSQ - ng 1)

}k_l Lyl=1L+1 (2

[EDOWD, —(ED D] — e = Ty (3)
(EI)“)Wfo (EI)“H)W(H1)+’\21+1W( M1+1

where E®, I®, w®, F® and p® are, respectively, the Young’s
modulus, moment of inertia, lateral displacement, lateral body
force, and density of the Ith segment. Furthermore, xy;, k2,
Vi, and M, represent the lateral and rotational spring constants
and the time dependent shear and moment loadings of the /th
joint, respectively. Finally L denotes the sum total of the number
of supports and distinct segments.

The time-dependent end and interbeam conditions, Egs. (2)
and (3), can be homogenized through the modified use of the
classical Mindlin-Goodman procedure.? Hence by letting

2L+2 4
w(l) = WU)+ Z Z Cmnl Imi hn (4)
n=1 m=1
where
gu=1, gz =X
X u 1 "
{Gargar) =J j (ECTT Lvydvdu )
h2n——1 = 17;1
~ =12,...,L+1 6
hz,, = Mn }n + ( )
the proper choice of C,,, reduces Eqs. (1-3) to
[(EDOWS] e Flly = —p Wi~
2L+2 4 7)
0 Coath xe[x, x141] (
,.Zl mzl mnt Imi nn{ 1,2,...,L
at x = end

[ENOWE]. F ey WH =0
(EI)(HW@ t Ky VV,LM =0
atx=x,,,1=12,...,L—-1
W = wi+n W = W,(xlﬂ)
[(ENOWO—(EN W]~k WO =0 (9)
(EDOWD—(EN WA Dy WD =0

}k:l,L;l:l,L+1 (8)

Separation of Variables

Assuming that formal separation of variables is possible w
takes the form
Wiy = Y &0 (10)
p=1
Because of the form of the interbeam conditions, Egs. (9), in
terms of Eq. (10), it follows that
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W=y 1=1,2...,L (1)

Furthermore, since {, o ¢ for the free vibration case, because
of Eq. (11), QP = €, for all [¢[ 1, L]. Hence Eq. (10) reduces to

W =% &0, (12)
p=1

In terms of Eq. (12), it follows that & satisfies the following

eigenvalue problem

xe[x,Xi41]
o £ P20 13
[EDY EL] «x {1_ 12 L (13)
at x = end

[ENPE®] , Froy &® =
(EDWEH, + 1269 =0
atx=x4.1=12,...,L—1
g — pue ) 2O = gt v
[EDVEL—(ENTDEED] c— k14180 =0 (15)
(ENOEQ—(ENT DLV 4w, E8=0
To establish the orthogonality of the eigenfunction set &@,
assume that for distinct eigenvalues ©, and Q,

[(EI)“)ég‘)xx],xx = P“)Q; éiz“ Xé [Xl, X+ 1]
[EDYE ] e = pPQFEP |1 =1,2,.., L
After several standard manipulations, Eqs. (16) reduces to
@3- -
EPHENTE o] x— ETEDE ] e (A7)
Integrating Eq. (17) over the intervals x&[x;, x;44] it follows
that

@-0) J pUENE dx =

} k=1L;1=1L+1 (14)

(16)

{éi}” [(EI)(l)é(p},)xx] X é(p” [(E[)“)éill,)xx] X +
EDAED ED o — E(EDIE) 3 (18)
Since the right-hand side of Eq. (18) is nonzero, Eq. (13) are "
nonself-adjoint in the traditional sense.'* Applying several
manipulations to Egs. (15), the following interbeam identities can
be developed

Y UEDOEY ] = EPTEDN SR o+
EOUED &)= EED e =
é}ll‘f- 1)[(EI)(I+ ”ég;x])] — 'f(l+ 1)[(E1)(l+ “é;’jc—xl)] x+
AL ENT VLD - S EN LD (19
Using Eqgs. (14) and (19) in conjunction with Eq. (18), it follows
that

L X4 0 p#: q
Q2-Q3) j WEDED Iy = { ’ (20)
@ "I; L P #0;p=gq
Hence, rather than being self-adjoint in the local sense, Eqgs.
(13-15) are self-adjoint in the global sense described by the

piecewise weighted orthogonality principle given by Eq. (20).

Solution

That &0 form a complete set can be established through the
use of standdrd variational procedures.* Thus if F', g,, and
the initial conditions w"!(x,0) and w"(x, 0) , all satisfy Dirichlet’s
conditions, the following formal expansions can be taken:

(1//)41))P‘11)( Z (Ii (21)
; f )
Z Cmnl Jmi = Z (22)
w(x,0) = Z &y (23)
\\'”)(A\‘,O)_, = z “(I)“ (24)

p=1
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where
{Sp (Inp pO’ p1) =
Nj,; jx, ' (1/p®)FD, ,,,Z Comt Grts WO0), WO )> pVED dx
| (25)
such that
N- ¥ r“p"’éé”é‘é’dx (26)
=1 Jx
Substituting Egs. (10, 21, and 22) into Eq. (7) gives
,21 {[(El)‘“iif)u Cpdix—ER S+ P ED e+

2L+2
P(I) Z gnphn,ué(p“}:o; = 1,2’-~~7L (27)
n=1

Now applying the piecewise-weighted orthogonality principle,
Eq. (20), yields

L X4 1 2L+2
Z J Egs. (27) ég) dx— Cp,n"'QlZpr =J— Z Ynp P,
n=1

I=1 Jx;
(28)

In terms of the reduced initial conditions, Eq. (25), the solution
of Eq. (28) takes the form

st t+
14

1 t 2L+2
QPJ ':p(r)— Z (IIIp

Hence w' is finally given by

Loy = Wpo COSQ, H— Q

:I sin Q,(t—1)dt (29)

2L+2 4
W(“(X,t)_ Z é(l)gp"" z Z Cmnl‘]mlh (30)
p=1 n=1 m=1
Discussion

Because of the form of the eigenfunction expansion given by
Eq. (10), the solution of Eqgs. (1-3) has been reduced basically
to the problem of obtaining the eigenvalues of Egs. (13-15).
To simplify the search for the eigenvalues of these equations,
the realness and positive definiteness of Q2 will be established.

To prove the realness of Q? assume that

ED = Re (&MY + jIm{ED)

0% = Re{O?} +jIm{Q?}

where j = (— 1)"/2. In the spirit of the development of the piece-
wise-weighted orthogonality procedure, Eq. (20), it can be shown

that in terms of Eqs. (31), Eq. (13) can be directly manipulated
to yield

&2y

L i+
Ima?) ¥ f pOREE0) + ImP(E0) dx =
X

=1

M=

[Re{EDMUENTIm{EY] )

W

Im { }((EI (”Refé(”! xx)x+
Im{E®) (EI\"Re{ED} . —
Re{") (EN“Im{E0) Wfp (32)

Furthermore, using Egs. (31) in conjunction with the interbeam
conditions, Egs. (14), the following identities can be established :

Re (€O [ENVIm{ED, ] = Im{EV[(ED Re (&) o] o+
Im{E®) (ED'Re(E") .~ Re(E®) (EN Im{E") . =
Re(éil*— l)l [(EI (l+ I)Imjétl-*'])] xx ] -

Im{E M EN" DRefE D) ] o+
Im *’(l+1)] (EI)(H-I R (£(I+I)
Re{&" D} (EN"* VIm{&™ V) o (33)

Substituting Eqs. (14) and (33) into Eq. (32) yields
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L X141
D> j pPORHE +Im* ({0 dx =0 (34)
I=1 Jx

Since all the integrals appearing in Eq. (34) are positive definite,
it follows that Im{Q?} = 0, thus Q? is purely real.

To establish that Q2 is positive definite, after several mani-
pulations, the variational formulation of Egs. (14) and (15) can
be used to develop the following form of Rayleigh’s quotient

L xl+1
> J (EDVER L dx

QZ_"I

(35)

i jx'+’ PEOED g
=1 Jx;

Since both the numerator and denominator of Eq. (35) are
positive definite, Q* > 0.

Because of the generality of the procedure developed herein,
branched beam systems can also be handled. This is possible
through the straight forward modification of the piecewise-
weighted orthogonality relation depicted by Eq. (19) along with
the inclusion of torsional effects. In fact the orthogonalization
procedure can also be extended to Timoshenko-type theory as
well as to composite plate and shell configurations with and
without branches.
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Obligue Compressible Sears Function

L. T. FiLoras*
Ministry of Transport, Ottawa, Canada

Introduction

HIS Note concerns the lift response of a thin, infinite-span
wing flying subsonically through a stationary sinusoidal
gust at an arbitrary angle to the lines of constant phase; that
is, the generalization of Sears’ classical result! to oblique gusts
and comipressible flow.
With the freestream U in the positive x direction and. the
wing of chord 2b along the y axis, the upwash on the wing is
w(x, y,1) = w,exp { —i[k(x— Un)/b+kyy/b]}, |x| b (1)
The corresponding lift distribution is governed by three non-
dimensional parameters: chordwise wavenumber (or reduced
frequency) k,, spanwise wavenumber k,, and Mach number M
(w,/U, small by hypothesis, is unimportant as the solution is
linear therein). We assume that the usual linearized equation for
the velocity potential is valid for all combinations of parameters
of interest.
Sears’ solution (for k, = M = 0) was extended by Osborne? to
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